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Abstract. This paper begins with an observation that the isospectral leaves of 
the signed Toda lattice as well as the Toda flow itself may be constructed from 
the Tomei manifolds by cutting and pasting along certain chamber walls inside a 
polytope. It is also observed through examples that although there is some freedom 
in this procedure of cutting and pasting the manifold and the flow, the choices that 
can be made are not arbitrary. We proceed to describe a procedure that begins with 
an action of the Weyl group on a set of signs; it uses the Convexity Theorem in |J 
and combines the resulting polytope with the chosen Weyl group action to paste 
together a compact manifold. This manifold which is obtained carries an action 
of the Weyl group and a Toda lattice flow which is related to this action. This 
construction gives rise to a large family of compact manifolds which is parametrized 
by twisted sign actions of the Weyl group. For example, the trivial action gives rise 
to Tomei manifolds and the standard action of the Weyl group on the connected 
components of a split Cartan subgroup of a split scmisimple real Lie group gives 
rise to the isospectral leaves of the signed Toda lattice. This clarifies the connection 
between the polytope in the Convexity Theorem and the topology of the compact 
smooth manifolds arising from the isospectral leaves of a Toda flow. Furthermore, 
this allows us to give a uniform treatment to two very different cases that have been 
studied extensively in the literature producing new cases to look at. Finally we 
describe the unstable manifolds of the Toda flow for these more general manifolds 
and determine which of these give rise to cycles. 



1. INTRODUCTION 



In [0 



Tomei constructed a compact and orientable smooth manifold as an iso- 
spectral real manifold generated by the Toda lattice equation on the set of the tridi- 
agonal symmetric matrices. Let us begin with a brief description of this manifold: 
Let Z be the set of (I + 1) x (I + 1) tridiagonal trace zero matrices, 
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According to the signs of fej's, the set Z is a disjoint union of 2 l connected components; 

Z = |J Z e , (1.2) 

where the set of signs is defined by 

£ := { (ex, • • • , e,) G {±1}' : e fc = sign(6 fc ), fc = 1, • • • , Z }. (1.3) 

An isospectral leaf is a subset of Z consisting of tridiagonal marices with fixed eigen- 
values Ai, ■ ■ • , A; + i with X^=\ Afe = 0. We consider in this paper only the case with 
distinct eigenvalues. Any point of the leaf is obtained from the diagonal matrix 
A = diag(Ai, • • • , A;) by conjugation, that is, they lies on an orbit of the adjoint 
action of the group of orthogonal matrices on the set of symmeric matrices, 

O a = { AdpA : p G SO(l + 1) }. (1.4) 

The Toda lattice is given by the following matrix equation for X(t) G Z with a 
parameter t G R, 

§ = (1.5) 

where the matrix P is the skew symmetrizaion of X, i.e. P = X + — X_ with X + (X_) 
the upper (lower) triangular part of X. The solution defines an orbit in (9a, 

X(t) = Ad QW A(0), (1.6) 

where the matrix function Q(t) G SO (I + 1) is given by the QR-factorization of the 
matrix exp(tA(0)), 

exp(tX(0)) = Q(t)R(t), (1.7) 

with an upper triangular matrix R(t). The isospectral leaf can be also expressed as 
the inverse image of the symmetric polynomials 71, ■ • • , 7; of the eigenvalues, 

z( 1 )=i-\ 1 )nz (1.8) 

where 7 = (71, • • • , 7/) G R is the image of the Chevalley invariants X = (Ji, • • ■ , I{) : 
Z —>■ ~R l defined in the characteristic polynomial of the matrix X G Z, 

1 

det(A/ - X) = A m - ]r(-l) fe 4A*- fc = 0. 

fc=i 

It is then an easy exercise that the J^'s are the polynomial functions of a/s and b^s, 
i.e. Ik{cii,bj) = Ik{o>i, —bj) for k = 1, • • • ,1. This implies that each connected com- 
ponent Z e (j) labeled by the signs of ftj's is just a copy of one single component, say 
Z + ( / y) having all h > (in Section 2, the topology of Z + (^) and its closure Z + (^y) 
will be discussed in detail). Then Tomei's manifold is considered as a smooth com- 
pactification of those components under a prescribed gluing through the boundaries, 
in fact, the manifold has a CW-decomposition with the cells marked by sequences of 
signs and zeros of b^s. The smoothness of the manifold was shown by giving local 
charts using the Toda flow (Lemma 2.1, 2.2 in |[L2|| ). This can be also shown by con- 
sidering the manifold as a Morse complex associated with the Toda flow which gives 
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a gradient-like flow on the manifold. The Morse function / : Z(j) — > M is given by 

/(X) = X)(i-i + lK (1-9) 

i=i 

where ^(7) is the closure of the isospectral set (see also || for the Morse functions for 
the generalized Toda lattices on the semisimple Lie algebras). All the critical points 
of the function are then given by the diagonal matrices with the (7 + 1)! permutation 
of (Ai, • • • , A/+i), i.e. all hi = 0. One can also show that near the critical point 
(Ao-(i), • • ■ , X a (i+i)) with a permutation a G S/+i, the symmetry group of order I + 1, 
the Morse function takes the form, 



1 1 



1 



f(X) = £(Z - i + l)X a(t) - £ 6? + o 



=1 i=l A <>-(i) ~ A ^(i+1) 

This formula is useful for identifying all the handle bodies in the Morse decomposition 
of the manifold. However, our primary interest in this paper is not Morse theory; we 
will leave that for a future communication. 

In this paper, we consider an extension of this Tomei manifold based on a twisted 
action of the Weyl group, the symmetry group for the example of this section. We 
start with the theorem due to Bloch et al in the case of a Lie algebra of type A\ || 
(which is summarized in its general Lie theoretic setting in subsection [2.1| below): 

Remark 1.1. The imbedding 1. 



The isospectral manifold Z (7) in (|1.8| ) is the closure of a generic noncompact 



torus orbit in 0\ of Q1.4Q , with an action which does not agree with usual action of 
a split Cartan subgroup (the real diagonal matrices of determinant one) on Z + (^y). 
This poses a difficulty in the application of a Convexity Theorem of Atiyah in to 
this situation. However there is another imbedding 1 described in || which corrects 
this difficulty. 

The following is an A\ version of the main theorem in || : 

Theorem 1.1. Theere is an imbedding 1 : Z + (^y) 0\ such that its image is the 
closure of an orbit under the usual action of real diagonal matrices of determinant 
one (a split Cartan subgroup). Using Atiyah's theorem |1[, the image of the moment 
map r := Jo l(Z + ('-))) where J : X G Oa — * diagX is orthogonal projection, is the 
convex polytope with vertices at the critical points of the Morse function (\1.9j), that 
is, of the orbit of the Weyl group S1+1 of the Lie algebra sl(l + 1). 

The theorem can be applied to each isospectral leaf Zj^j) with different signs e G £ 
of ( |1.3| ). Then Tomei's manifold Mj- is the union of those convex polytopes attached 
along the boundaries, and the Weyl group acts on each polytope independently. Thus 
the Tomei manifold can be described as the union of the polytopes r e associated with 
the isospectral leaves Z e , 

m t = \J r e . (1.10) 

The main idea of the present paper is to consider a twisted action of the Weyl group on 
the signs in S, and based on this group action with specific sign change, we construct 
a smooth gluing between the Weyl chambers inside the polytopes with different signs. 
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Figure 1.1. The polytopes T t with a standard S^-action. Chambers 
C w -i are marked as C for w — e, C\ for w = s ai and so on. 



This is consistent with the Toda flow, since the Morse function generating the flow 



depends only on {b 



2 . 



/} and so does the Toda flow. Note that a point of the 



change of signs occurs at the same point on the same chamber walls of the polytopes 
with corresponding signs, so that the resulting flow stays smooth and provides a 
smooth gluing along the chamber walls. 

Let us explain the result with an explicit example of Z = 2. The polytope is then the 
hexagon with the six vertices corresponding to the permutation of Ai,A2,A3, which 



are the critical points of the Morse function ( |L9|) . We here assume Ai > A2 > A3. 
Each Weyl chamber contains one critical point which is marked by the corresponding 
element of the Weyl group. In particular, the critical point in the dominant chamber 
is associated with the fixed point X = diag(Ai, A 2 , A 3 ) of the Toda flow. The polytope 
T is now devided into the six Weyl chambers C w ,w G S3, and we let denote T e the 
polytope which has the sign e in the dominant chamber and has a prescribed gluing 
along the inner walls of the chambers, 



(J {we} x C v 

wGS 3 



[1.11) 



where C w is the closure of C w (see Figure [O]). Here C w describes the chamber 
containing the critical point wxo with x = J(Xq). The prescribed gluing is given by 
the SVaction on £ = {±1} 2 , and our smooth compact manifold has an expression, 



m(S)= |J r £ , 

ee{±i} 2 



(1.12) 
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where 5 denotes the Dynkin diagram • — • having a sign + or — on the edge, which 
specifies the S^-action on the sign. This marked Dynkin diagram is defined in Defi- 
nition 3.3. If the action is trivial, we = e,Ww G 5*3, Ve G £ (the corresponding marked 

Dynkin diagram is 8 = • — •), then we have the Tomei manifold ( |1.10|) which is topo- 
logically equivalent to the connected sum of two torus. If the action is a standard one 

c ■ ■ — 
with s ai G S3 : €j 1— > €j€ i 3,1 with (Cj.j) the Cartan matrix for A2 (then 5 = • — •), we 

obtain the compact manifold corresponding to the indefinite Toda equation discussed 

10 , U which is equivalent to the connected sum of two Klein bottles. 



111 



The paper is organized as follows: 

In Section 2, we present the background information on the Toda lattice on the 
variety of ad-diagonalizable Jacobi elements with nonnegative signs. Then the convex 
polytope of the Weyl orbit associated with the Toda lattice is introduced based on 
the Convexity Theorem due to Bloch et al 0. We also present the cell decomposition 
consisting of the Weyl chambers and their walls. 

In Section 3, we define a twisted action of the Weyl group on the set of signs £ = 
{±1}'. We also introduce a marked Dynkin diagram where all the edges are assigned 
the signs which parametrizes a twisted sign action of the Weyl group (Definition 
3.3). Then we obtain the number of compatible twisted action of the Weyl group 
(Proposition 3.1). 

In Section 4, we construct a twisted Tomei manifold associated with a marked 
Dynkin diagram by defining gluing maps along both external and internal Weyl cham- 
ber walls. The manifold is then shown to have the structure of a smooth and compact 
manifold with a Weyl group action (Proposition 4.1). A cell decomposition of the 
manifold is also obtained in terms of signed colored Dynkin diagrams introduced in 
Q. Then we conclude that the manifold is not orientable if the marked Dynkin dia- 
gram has at least one negative sign on the edge (Proposition 4.3), and the homology 
groups over Z/2Z of all the twisted Tomei manifolds are the same as that of the 
original Tomei manifold (Theorem 4.1). 

We then expect that the universal cover of the twisted Tomei manifold M(5) is 
diffeomorphic to M. 1 , hence M(S) is also aspherical. Also we would like to mention 
that the homology group H*(M{8), Z) can be computed by the cell decomposition 
given in section 4.2, but an explicit computation remains open. Since the twisted 
Tomei manifolds have a common Morse function with different gluing (attaching) 
maps, the Morse theory might be useful for a further study of the manifolds. 



2. Toda lattice with non-negative signs 
In this paper, we use the following standard Lie theoretic notation: 

Notation 2.1. Lie algebras: 

Let q denote a real split semisimple Lie algebra of rank I with Killing form (,), 
universal enveloping algebra U(g) and we let g' = Hom^(Q,M.) denote the dual of g. 
Fix a Cartan decomposition q = t+p with t the Lie algebra of a maximal compact Lie 
group K. We also fix a split Cartan subalgebra 1) C p with root system A, real root 
vectors e ai associated with simple roots {c^ : i — 1, • • • , 1} — EL Denote {h a .,e± ai } 
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the Cartan-Chevalley basis of g which satisfies the relations, 

[haij h a .\ = 0, \h ai , &± a . ] = ^cC j^e± aj , [e ai ,e_ a J = Sijh aj . (2-1) 

where the I x / matrix (Cjj) is the Cartan matrix corresponding to g, and Gjj = 
oti{h aj ) = (ai,h aj ). The Weyl group W is thus generated by the simple reflections 
s ai , i = 1, • • • ,1. For any S C II, we define the subgroup generated by S, 

W s = (s ai : a.eS) (2.2) 

This is the Weyl group of a parabolic Lie subgroup and it is standard to refer to Ws 
as a parabolic subgroup of W. 

Notation 2.2. Lie groups: 

We let Gc denote the connected adjoint Lie group with Lie algebra gc an d G the 
connected Lie subgroup correspondintg to g. We fix a maximal compact Lie group U 
of Gc and assume that U D G = K with Lie algebra 6. 

Denote by G the Lie group {g G Gc : Ad(g)g C g} . A split Cartan of G with 
Lie algebra f) will be denoted by H^; this Cartan subgroup has exactly 2 l connected 
components and the component of the identity is denoted by H. We let x ai denote 
the roots characters , defined on 

Example 2.1. 

If G= Ad(SL(n, R)), G is isomorphic to SL{n,R) for n odd and to Ad{SL{n, M) ± ). 
This example is the underlying Lie group for the indefinite Toda lattices as shown in 
§. We have in this case U = Ad(SU(n)), K = Ad{SO{n)). 

2.1. Variety of ad-diagonalizable Jacobi elements and its closure . As in the 

introduction, we let Z + denote the set of Jacobi elements with positive signs in the 
coefficients of g Q G g with a G ±11, and Z + denote its closure, 

Z + = ^X = x + Y t b i {e ai + e- ai ) Gg : x G f), h > o| (2.3) 

Z + = |x = x + ^6 i (e Qi +e_ Qi )Gg : x G f), ^ > o| (2.4) 

We then define an isospectral leaf in Z + as the fundamental object of our study: 

Definition 2.1. Fundamental invariants and isospectral leaves: 

Let S(g) be the symmetric algebra of g. We may regard S(q) as the algebra of 
polynomial functions on the dual g'. If we consider the algebra of G-invariants of 
5(g) , then by Chevalley's theorem there are homogeneous polynomials I\, • • • ,Ii in 
S(q) g which are algebraically independent and which generate S(g) G . According 
to Chevalley's theorem, we can then express S(g) G as E[/i, •••,/*]. The functions 
Ji, • • • , which are now polynomials on g can be further restricted to Z + . This gives 
rise to a map function I = (Ji, • ■ ■ ,Ii) and its restriction I : Z + — ► Mf. We consider 
the isospectral leaf Z + (^) = X _1 (7) for any 7 G R 1 in the image of C. Denote by 
Z (7) the closure of Z + {^f) inside Z . 
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2.2. Moment map and convexity. We recall the Convexity Theorem proven in 
|| for the isospectral manifold Z + {j). Let i be the imbedding defined in [[| (main 
theorem in section 3) of Z 4 (7) into an adjoint U orbit whose intersection with g we 
denote 0\ in Qc- 

Consider the moment map associated to the U orbit and restricted to g J : Oa — » f}- 
This is also the map obtained by orthogonal projection of to f) and then restriction 
to 0\. Then the composition Jot has as image the convex hull of a Weyl group orbit 
Wx D with x D G f) as in section 4.1 in 0. We denote the convex hull as 

r = jo t (i + ( 7 )) (2.5) 

The two objects Z + ( / y) and T are manifolds with boundary. The map J o l is home- 
omorphism according to the Convexity Theorem in || and a diffeomorphism in the 
interior. 

Such a convex hull is necessarily stable under the ordinary W action on 1). Moreover 
there is a diffeomorphism between H and the interior of T of manifolds with a W 
action. 

2.3. Internal and external walls of T. We here devide the polytope T into the 
Weyl chambers, and introduce the notations to describe them. We first denote C' e as 
the dominant chamber in f) intersected with T and C' e the corresponding closure, and 
also denote C' w = w(C' e ). We define C w = {w} x C' w and its closure C w = {w} x C' w . 
The C'"' will refer to subsets of T, and we have the convention: 

C' w = {w} x C' w - (2.6) 

in all our notation concerning walls. 

For each simple root «j we may consider the corresponding «j (internal) chamber 
wall intersected with C' w . Denote this set by C"^' 1 . Each external wall of the 
convex hull of Wx Q is parametrized by a simple roots a,. We denote an external wall 
of T by C'°^' OUT if it intersects all the internal chamber walls except for C"^' IN . 

For any A C II we define the subsets of C' w of dimension \U \ A\, 



C't'° = fl O , if A ? , 

a^A (2.7) 

C't' & =C' W , if A=0, 

where B is either OUT or IN. Thus we have the decomposition, 

O w = (J C A ' 9 (2-8) 

Acn 
ee{0(7T,uv} 

2.4. Toda flow on T and its unstable manifolds. Denote by tp t : Z + (7) — > (7) 

the Toda flow on Z + ('~f) and its boundary. For each t this gives a diffeomorphism of 



Z (7) with itself of manifolds with boundary (see §2 of [|l]J for definitions). 

The map Jot between Z (7) and V allows us to obtain a Toda flow on V . Namely 
we have the Toda flow <p t : T —>■ T with 

(j> t = Jo Loip t o (Jo i)- 1 . (2.9) 
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This flow preserves the boundary of T and, the image of the critical points of ip t are 
points in the W orbit of x Q G C'J l,OUT ', the critical point in the dominant chamber. 
The closures of the unstable manifolds of the Toda flow on T are easily described as 
follows. First we define the unstable Weyl group W u (w) associated to the critical 
point w _1 x with w G W, 

W u (w) = W n u {w) with Tl u (w) := {on : £(s Qi w) > £(w)}, (2.10) 

where £(w) denotes the length of w G W. We also define IT (w) := II \ H u (w). 

The closure of the unstable manifold associated to the critical point w~ l x Q is then 
the union 

c u M= U c'f^T (2.ii) 

BDW(w) 



2.5. Boundaries and cell decomposition . The chamber C' w is a box. Fix two 
disjoint subsets A, S C II, A R S = 0. Then each intersection C'^' OUT fl C'^ IN is 
also a box of dimension |n \ (A U These cells can be parametrized as the triples 
(A; S; [w]u\s) with [w]n\s £ W/Ws the coset of w, 



(A ] S;[w] u \ s )=C't' OUT f]C' S w IN - (2-12) 
With this notation, we also have the parametrizations 

C'AOUT = {A . . w)j = (0 . 5. 

We denote the faces of (A; S; [w]u\s) by dj jC (A; S; [w]n\s) with i = 1, • • • ,1 and 
c = 1,2, which are defined as 



dj,i(A; S- [w] u \s) = (A U {a,} ; 5; Hn\s) 

9 ii2 (A; Hn\s) = (A; 5 U {ay} ; [w] u \(Su{ aj })) 
We then define A^fc the fc-chain complex consisting of those cells, 



(2.13) 



M k = Z (A; S; [w}n\s) ■ A, S C U, An5 = |, k = \U \ {A U 5)1, w G W 

(±U) 

To obtain cancellations along the walls of T we introduce signs 

(_1)*(«0 go that T 

viewed inside M.\ corresponds to the alternating sum: 

r = J2 i-lY M {e} x <Vi (2.15) 
The need for the signs (— iy( w \ given our notational conventions, is illustrated in 



Figure |2.1| . Inner walls have the same value of c on opposite sides of a wall and then 
require a sign (— Thus cancellations along the inner chamber walls result from 
the fact that two adjacent chambers correspond to Weyl group elements with lengths 
differing by one. The boundary of T becomes then a cycle. 
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Figure 2.1. Boundaries dj jC C' w -i for g of rank 2. 

3. Twisted actions of W 

3.1. Twisted W action on £. The Weyl group associated to the Cartan subgroup 
if]R is the quotient W = N(H K )/H R where N(- ■ ■ ) denotes the normalizer. Here we 
consider the Fraction on the set of signs, 

6 = {(e x , • ■ • , e,) : e { = ±1 for all i = 1, • • ■ , 1} (3.1) 

with a group structure of multiplication • : £ x £ — ► 5, 

(ei,---,e,).(ei l ... | £j) = (e 1 ei,... | ^). (3.2) 

The group £ parametrizes the connected components of /Zr, and it is also in corre- 
spondence with the set of all elements h G such that the simple root characters 
Xoti(h) have absolute value one, i.e. 

H R ={Jh e H, with X<xi{he) = £i- (3.3) 

Let us now define: 

Definition 3.1. Twisted actions of the Weyl group on £ : 

We call an action of W on £ a twisted sign action if there is a matrix of integers 
a it j with z, j G {1, • • • , 1} and = 2 (or just even) such that for each ol\ the action 
s ai G : £ — > £ is given by 

•V : — (3.4) 

Two canonical examples are the usual W action on H^/H (and thus on £) where 
a it j = —Cij the Cartan matrix (recall s ai x aj = Xa^X^i J ' 1 ), and the trivial W action 
where Ojj is even for all i,j. 



10 



LUIS CASIAN AND YUJI KODAMA 



By ( |3.4|) the action of s at on any e = (e 1; • ■ • , e{) such that e» = 1 is trivial. Hence 
the only relevant cases happen when 6j = —1. For each pair of simple roots aij, ctj 
i < j which are connected in the Dynkin diagram, we define 

Sij = #>* = (-l) a - (3.5) 

Note that (3^) ensures that any W action in Definition ( |3.1|) necessarily acts on £ 



by group automorphisms. To see this we write the j th components of s ai (e • e') and 
s a^* s ai e'; these are respectively (e^Q"^^ and e" J ' ! e^Y^^y 

The twisted sign actions can be defined by first modifying the usual action of W on 
a split Cartan subgroup. The following definition describes the kind of modification 
that leads to Definition (|3.1|): 



Definition 3.2. Twisted action of the Weyl group on H^: 

Denote by * the usual action of W on the Cartan subgroup H R . An action of W 
on H-r is said to be a twisted action if it satisfies 

1. W acts on H with the usual action; moreover if Xa^h) is positive, then s ai h = 
s ai * h 

2. each w G W acts as a Lie group automorphism of H-r and thus w{h\h 2 ) = 
w(hi)w(h 2 ) for any pair of elements hi, h 2 in if K . 

Note that any twisted action determines an action on the set of connected compo- 
nents H^/H which is in bijective correspondence with the set of signs S. The actions 
obtained in this way , starting from Definition (|3.2j ), give rise to the twisted sign 
actions. 

3.2. The rank 2 cases . We abuse notation slightly denoting by s ai what should 
be A(s aj ) for an appropriate group homomorphism A : W — > AutS . In these cases, 
an easy calculation shows (see also below) that the pair of signs (sr2,S2i) always 
determine constructions which satisfy relations of the following kinds 

(SaiSa.) 2 = e s 12 ^s 2 i 

fs s ) 3 -e s -s - 1 ( 3 ' 6 ) 
{s ai s aj ) — e S12 — S21 — — 1 

By squaring the first relation one obtains (s CH s aj ) 4: = e and by squaring the second 
one obtains (s ai s aj ) 6 = e. Thus the first case is compatible with the braid relation of 
W in B 2 and G 2 and the second is compatible with the cases of A 2 and G 2 . We thus 
list the twisted sign actions in all these cases. 

Example 3.1. 

We just illustrate what is involved in checking (|3.6| ) by working out the case, Si 2 = 
— 1 and s 2 i = 1. For example, if we apply (s a2 s ai ) 2 to (—1, —1) we get again (—1, —1) 
as demonstrated below: 

(-1, -1) ^ (-1, 1) ^ (-1, 1) ^ (-1, -1) ^ (-1, -1). (3.7) 
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Similarly we obtain that (s a2 s ai ) 2 gives the identity by considering all the other cases. 
Hence the relation (s a2 s ai ) 2 = e is obtained for s 12 7^ s 2 i as in (|3.6|). 



Example 3.2. The twisted sign actions in A 2 : 

The only non-trivial twisted sign action corresponds to sxi = — 1 and S21 = —1, 
the standard sign action, and it is given explicitly by 

s ai (e 1 ,e 2 ) = (ei,eie 2 ) , g g ^ 

•5 a2 (ei,e 2 ) = (e 2 ei,ea) 



Example 3.3. The twisted sign actions of B 2 and C 2 : 

The only non-trivial possibilities here are the cases si 2 7^ S21. These become ex- 
plicitly: 

(ei,e 2 ) = (ei,eie 2 ), , Q m 

Sa, 2 (ei,e 2 ) = (ei,e 2 ), 

which is the standard action for B 2 and a twisted one for C 2 . We also have 



803(61,62) = (e 2 ei, 
for the standard case of C7 2 and a twisted one of B 2 . 



\ ( 3 - 10 ) 



Example 3.4. T/ie twisted sign actions in G 2 : 

Assume that C 2 \ = 3. In this case there are four possible specifications of the 
signs S12 and s 2 i and they all give twisted sign actions. The standard sign action 
corresponds to Si 2 = — 1 and s 2 i = — 1. 

Definition 3.3. Marked Dynkin diagrams 

A marked Dynkin diagram is a Dynkin diagram where all the single edges are 
assigned the sign + or — ; any double edge is assigned a pair of signs +, + or ±, =F, 
and a triple edge (G 2 ) is assigned any pair of any signs ±, ± or ±, =F. Those signs 
associated to the edge joining «j and aj are given by or Sji, and = Sji in the 
case of single edges in the Dynkin diagram. 

We call a marked Dynkin diagram positively marked if all the signs s^- over any of 
its edges are positive (the case when q is of type A\ X • • • x A\ is always considered 
positive). A positively marked Dynkin diagram corresponds to a trivial action of W 
on £. We call the marked Dynkin diagram standard in case that the matrix be 
chosen to be the Cartan matrix. Given a marked Dynkin diagram and subset B C IT, 
there is a subdiagram 5b corresponding to an action of Wb on a set of signs. 

Proposition 3.1. Assume that g is a simple Lie algebra. Let a denote the number of 
pairs of simple roots joined by a single edge in the Dynkin diagram and ft the number 
of double edges. Then if g is not of type G 2 there are exactly 2 a 3 13 twisted signed 
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actions of W parametrized by marked Dynkin diagrams. In the case of G2 there are 
four such twisted signed actions. For any semisimple Lie algebra the twisted signed 
actions are parametrized by the set of marked Dynkin diagrams. 

Proof Recall that W is a Coxeter group, (Proposition 3.13 |J) and it thus has 
defining relations s 2 a . = e and (s at s aj ) mi:i = e where is 2, 3, 4, 6 depending on the 
number of lines joining a, and ctj in the Dynkin diagram. The case rriij = 2 occurring 
when at and atj are not connected in the Dynkin diagram. From the definition of 
a twisted signed action of W on £ , such an action is completely determined if one 
specifies all the signs Sji := (s ai e)j where atj is joined in the Dynkin diagram to aj. It is 
then enough to count all the possible choices and giving rise to (s a .s aj ) mi:i = e; 
the other relation being automatically satisfied. This then reduces the proof to the 
classification of all twisted signed W actions in the cases A2, B%, G2, namely the 
examples (|3.2|) , (|3.3|) and (|3.4|) in subsection (|3.2|) . To a marked Dynkin diagram we 



thus associate a twisted sign action of W where the signs Sjj defining the action are 



given as in definition ( |3.3|) . □ 



4. The twisted Tomei manifolds 

For each marked Dynkin diagram 5 corresponding to a twisted sign action we 
associate a compact smooth manifold with an action of W. We call the manifold the 
twisted Tomei manifold, and here give a consruction of the manifold by gluing the 
chamber walls of the polytopes associated with different e G S: 

Let 5 denote a marked Dynkin diagram giving rise to a fixed twisted sign action of 
W. Recall external and internal chamber walls which constitute the boundary of T 
and were described above. 

We then define gluing maps between the chamber walls denoted by {e} x C' w = 
{e} x {w} x C' w ' as follows: For the internal walls, we define 

g w ,i,m : {e} x C^ IN - {s at e} x 

(e,w,x)\ — > (s ai e,ws ai ,x) 

where note w s OCi w~ 1 x = x. For the external walls, we define 

9w,i,our ■ {ej x C w I / w (42) 

(e,w,x) 1 — > (e^ l \w,x) 

where = (ei, • • • ,e{). We denote M(5) the disjoint union of all the 

chambers with different signs, 

M(5)= |J {we}xC w -i. (4.3) 



We also denote M(5) the topological space obtained from the disjoint union in (|4.3j ) 
by gluing along the internal and external walls using the maps g w ,i,iN an d g w ,i,ouT- 
There is then a map 

z : M(5) -»■ M(5). (4.4) 

We define an action of the group W on M(S) by 

cr G W : (e, w, x) 1— >■ (e, aw, ax). (4.5) 



TWISTED TOMEI MANIFOLDS 



13 




Figure 4.1. Standard case A2; gluing by g e ,i,iN along the internal 
walls of {(— , +)} x C" 1,IN and {(— , — )} x C^ ,IN reverses orientation 
(internal hexagon is T). External walls are glued along the dashed lines. 



Lemma 4.1. The action ofW defined in ( U-W gives rise to a well defined action in 
M{6). 

Proof. We must show that the action of W sends pairs of elements that are identified 
with each other to other pairs of elements that are identified. Consider first the case 
of the gluing maps for internal walls g...^jN'- Let the vertical arrows in ( f4.6p below 
correspond to multiplication by o 6 W; and assume the horizontal arrows are given 
by a gluing map of the form g w ^jN- We have: 



e,w,x) > [S^WSa^X) 

(4.6) 

/ \ Qaw,i,I N / \ 

(e,aw } ax) > {s ai e,aws ai ,ax) 

We thus obtain that the image of the first pair of points under the group action 
corresponds to another pair of points which are identified. The gluings along the 
external walls do not pose any difficulties either. □ 

Remark 4.1. 

Consider the union of the chambers with the signs determined by a twisted action 
of W corresponding to 5, 



f e (5) = |J {we} x C w -, (4.7) 

We let T e (S) denote the image of T e in M(d~). Then after the identifications in M(5), 
this space becomes a copy of T (see Figure |1.1[ ) . We denote 
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F s , r— ,r £ (5) (4.8) 

We note that each Y e is usually not preserved by the W action. The union of the 
interiors of all the r e over e G £ can be identified with a copy of and the W action 
would then correspond to the notion of a twisted W action on a Cartan subgroup. 
We can now express M(5) as a union: 

M(6) = U US). (4.9) 



Similarly we consider 



K e = |J {e} x C e (4.10) 



Denote by K e = z(K e ) its image in M{8). This set is compact and constitutes a 



fundamental domain of the W action. Moreover K e is a box. For example Figure pL~2 
shows the union of K e and s ai K e in the A2 case. 

Proposition 4.1. The space M(S) has the structure of a smooth compact manifold 
with a W action. 

Proof. The space M(S) has an action of W as defined in ( f4.5|) and verified in 



in Lemma |4.1| . The compactness follows from the fact that W is finite and that the 
box K e is compact because W(K e ) = M(5). The smoothness is obtained using the 
coordinate charts given by the boxes {w(K e ) : w G W}. □ 

4.1. Toda flow on M(S). Using the map in (|4.8j), we define the Toda flow 

M(6)—>M(6) . , 

(e,w,x)^F^o ( j )t o(F^- l (e,w,x) l ' } 



where <j>t is the Toda flow on Y defind in (|2.9|) 



Since the unstable manifolds for the Toda flow on Y have been described in ( |2 . 1 1| ) 



we are now able to describe the closures (^(w) of the unstable manifolds C u (w) of 
the new Toda flow in the twisted Tomei manifold. 

Recall the map z : M{5) -> M(5) in O- Then we have 

<T(w)= |J z(SxC^) (4.12) 

a£W u (w) 
BDn s (w) 

Since the closures of unstable manifolds are constructed in the same way as the 
twisted Tomei manifolds with respect to a convex polytope associated to a parabolic 
subgroup of W, we have: 

Proposition 4.2. For any w G W , the closure of the unstable manifold C u (w) is 
smooth. Moreover C (w) is a twisted Tomei manifold for the Levi factor of a parabolic 
subgroup determined by Yl u (w) with marked Dynkin diagram 5u»( w ) (see Definition 
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4.2. Cell decomposition of M(5). We now describe a cell decomposition that is 
useful in our explicit description of all the unstable manifolds of the Toda lattice. 
This cell decomposition is not efficient in terms of computing homology because it 
contains too many cells; however a more efficient cell decomposition is described in 
ID in the standard case. Unfortunately the Toda lattice is not a Morse-Smale vector 
field and consequently the boundary of an unstable manifold usually fails to be a 
combination of unstable manifolds. This problem is evident in Lemma |4.2| or in low 
dimensional examples (see also f|). 

Using the cell decomposition in subsection [2.5| we obtain a cell decomposition for 
M(8) by simply adding a factor {e} x (• • • ) and applying z. Note here that because 
of the gluings between external walls in ( [4.2|) , the cells z({e} x C'^' OUT fl C'^ IN ) are 
not parametrized simply by the triples involving e G £ and A, S C II. The value of q 
for «j G A will be set to zero to avoid duplication of parameters. For any A C II, we 
introduce 

£ A = {(ei, • • • , e,) : e 4 = ±1 if on £ A, e* = if a< G a} (4.13) 

Note that PUn\A acts on £ A , the new zeros are irrelevant to the action. 

Definition 4.1. Signed colored Dynkin diagrams 

A signed colored Dynkin diagram is a triple (e;A;S), where e = (ei, •••ei) with 
6i = if «i G A (otherwise e« = ±1) and A, S C IT with A fl S 1 = 0. This corresponds 
to the notion of signed colored Dynkin diagram in Definition (5.1.2) in ||. There the 
simple roots in S are colored blue if £j = 1, red if £j = — 1; and are given a sign 
= signti = ± if the simple root is in II \ (A U S) and a zero if the simple root belongs 
to A. 

Then the cell {e} x C' A ' OUT fl C'^ IN is parametrized by a signed colored Dynkin 
diagram, 

{e} x c ,A,OUT n = (e . A . 5 . [w]n ^ } (4U) 

The faces of this cell are then expressed as 

d jtC (e; A; S; [w} n \s) = MU {a,} ; S; [w} n \s), if (-l) c+1 = e d 



dj, c (e; A; S; [w] u \s) = (e; A;5U {a^} ; Mn\(5u{ aj })), if (~l) c 



(4.15) 



This is just ( [2.13 ) but all the 2 l signs are now used to form a bigger box as in Figure 
(4~2") and cancellations are required along the external walls (which have become 
internal in the box). 

We now define the chain complex Ai, 



di-i 



— > Mi-^ Mi-! ^■■■^M 1 ^M ^0 
where the fc-chain M.^ and the boundary map are defined as 
M k = Z 



(4.16) 



e;A;S;[w] n \s) ■ A, S C n, A n S = 0, k = \U \ (A U S)\, w G W, e G £ , 

(4.17) 
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Boundaries dj c for A 2 . Cancellations along the external 



Figure 4.2 
walls are shown by the different choice of c 



Ok 



Y, (-i) i+c+1 a 



(4.18) 



3=1,- ■* 

c=i,a 



4.3. The boundaries of the unstable manifolds in M(S). With the gluing along 
the walls, one needs to get the cancellations of the orientations of the glued chambers. 
This then leads to a change of orientation at the boundary. In order to obtain 
cancellations along the internal walls of T t we had introduced signs (— in ( 2.15| ). 
Recall (also see Figure |4.2|) that external wall cancellations occur because c differs 
on two sides of the wall, and internal wall cancellations are produced by the different 
signs (— iy( w \ The exceptions to this are all the cases of non-trivial gluings that 
change the orientation; these orientation changes can only happen along the internal 
en, walls satisfying £j = —1 (negative walls) . In these cases additional signs must be 
introduced to compensate orientation changes. For fixed w and e we denote (we)j the 
j-th component of we. The cell T e can then be represented in .M* by 



-1) 



t{w) 




£k(we) k {we} x C u 



(4.19) 



The boundary of each T e becomes then a cycle and only contains external walls. 
Example 4.1. The case of A n . 



We illustrate the derivation of the expression in ( |4.19| ) in the case of A n . Canonical 
examples are the original Tomei manifold and the standard one (6 is positively marked 
or 5 is marked with signs determined by the Cartan matrix as in Definition |3.3| ). The 
change of orientation of the boundary of K e under the gluing g w ,i,iN in Q4.1Q, with 



1 is determined by the number of e,- that change sign under the action of s ai , that 



is by the sign of II 



fc=i, 



This number is 1 in the positively marked case 
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and —1 in the standard case. Therefore, to have cancellations at the internal wall 
boundaries we have to insert a sign Y\k=i - i e fc( s ai e )fc- If we now consider the a 2 wall of 
the new chamber {s ai e} x C Sai , the new sign s ai e gets changed under the gluing map 
to s a2 s ai e. Thus the change of sign is given by the product Yik=x •■■ ,z( s a 2 s »i e )fc( s ai e )fc- 
However there is already a sign attached to this chamber, namely Ylk=i - i e k( s ai e )k 
and the product of these two gives the new sign which becomes Ofc=i, ... i £k(we)k with 
w = s a2 s ai . This leads to the expression in (|4.19|) . 

The unstable manifold associated with to 6 If is now represented in M.* by 



C u (w)= £ LI tk(cre) k {e} x (e; H>); 0; (a^ 1 ). 

^ew^(w) \a k en u {w) J (4.20) 

Here recall that (e; U s (w); 0; (aw)- 1 ) = C^ a ^'}f )UT . The dimension of C u (w) is then 
given by |n u (w;)|, and we call it the index of w G W . Then we have: 

Lemma 4.2. Let w G W of index k. Then there is X G M.k-i such that dC u (w) = 
2X . Explicitly we have 

dC u (w) = 2(-l)^) +1 £ /i(e, r, <r)(e; n» U {a r } ; 0; (aw)' 1 ) 

where the coefficient /i(e, r, cr) is given as 

[ (-l)^J-H- Jj; e (-r) J ( ( x e (-r)) J , z/ [] M-r))>e(+r)), = 1 

0, if J] W-r))iM+r))i = -1(4.22) 

w/iere e(±r) = (ei, • • • , ±1, • • • , e,) for e G £ ns (™)uW}. 



Proof. We apply the definition of the boundary d in ( [4.15 ) and (|4 .18 ) to the 
expression in ( |4.20| ). Then noticing e r = (— l) c+1 we obtain 

8C u (w) = (-1)'<«> £ "fr r > o-)mil s (w) U {a r } ; 0; (aw)" 1 ) 

o-gw"(tn), o r 6n«(i») (A OS") 

e6£ n*(„0 V • -V 

where e[j] = (ei, • • • , 0, • • • , e;) for e G £; ns ( w ) ; and i/(e, r, a) is given by 

Ke,r )( x) = (-l)^6 r J] e 3 (ae) 3 (4.24) 

We will now simply collect terms with the same a r but different sign e r . We then fix 
e G £ n8 (' u u {«r} go that e(±r) G £ nu ( w ) with different signs in the r-th component. The 
coefficient of (e; U s (w) U {a r } ; 0; (aw)" 1 ) becomes (with e(— r) r = —1 by convention) 



l) £ ^ +r (e(-r: 



jVr V fc fc (4.25) 
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From ( |4.25| ) and since e(— r) r = —1 and e(r) r = 1 , the only cases when a coefficient 



is zero are those for which: 

II("H)* = -IIK))* (4-26) 

k k 

We thus obtain (|4.22|) for the coefficients /x(e, r, a). From here it follows that dC u {w) = 
IX. □ 

We now have: 

Proposition 4.3. 7/5 is not a positively marked Dynkin diagram, then M(5) is not 
orientable. 

Proof, assume that the marked Dynkin diagram 5 has some negative sign Sjj. By 
Lemma |4.2j it is enough to compute any of the coefficients in (|4.22j ) and show that 



it is non-zero for the case of ( [4.19 ), the unstable manifold for w — e, the top cell. 



By picking a negatively marked edge as close as possible to one of the ends of the 
Dynkin diagram we can reduce the calculation to the rank two cases. This is an easy 
calculation which we illustrate in Example (|4.2|). □ 



Example 4.2. Non-orientability in the standard A 2 case. 

We compute one of the coefficients in ( |4.22| ) . Consider w = e, IT (w) = 0, r = 1, 
e = (0,1) E £ {ai} , e(-l) = (-1,1) and e(l) = (1,1). Now for a = s ai , we obtain 
er(e(— 1)) = (—1, —1) and er(e(l)) = (1, 1). Thus the product of all these signs is one 
and we have a non-zero boundary of the top cell (|4.19| ). 



Corollary 4.1. The closure of an unstable manifold C (w) gives rise to a cycle in 
homology if and only if its marked Dynkin diagram 5n«( TO ) is positively marked. 

Proof. We use Proposition ( |4.2|) and Proposition ( fOD to conclude that C u (w) is 
orientable-thus a cycle- exactly when <$n«( w ) is positively marked. □ 

We now obtain in the standard case : 

Corollary 4.2. If M(5) corresponds to the standard marked Dynkin diagram, then 
'C u {w) gives rise to a cycle in homology if and only if the unstable Weyl group W u (w) 
is abelian. 

Proof. In this case one observes that all the subdiagrams of standard marked 
Dynkin diagram remain standard. Hence these are not positively marked except in 
the case when there are no edges in the subdiagram and the corresponding Weyl 
group W u (w) is abelian. □ 

Let e(k) be the number of all elements in W with index k. For example, e(k) is 
the Eulerian number E{1 + 1, k) for g of type A\ (i.e. W = S^+i, the symmetry group 
of order / + 1). Then we have the following theorem which is a generalization to the 
manifolds M{5) considered in ]/J. 

Theorem 4.1. Let 5 be a marked Dynkin diagram. Then for any k = 0,1, ■ ■ ■ ,1 the 
homology group Hk(M(S), Z/2Z) has rank e(k). 
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Proof. This follows from Morse theory and from Lemma ( |4.2| ) which implies that 
all the unstable manifolds are cycles over Z/2Z. □ 

Similarly, in the case of a Tomei manifold all the closures of unstable manifolds are 
orientable since the marked Dynkin diagrams <5n u (u>) of Corollary |4.1| are positively 
marked. 

We then recover a theorem of Davis || (general setting of Coxeter groups) and 
Fried § (for type A t ): 

Theorem 4.2. In the case when M(5) is a Tomei manifold, for any k = 0, 1, • • • , I 
the homology group Hk(M(5),7*) is free of rank e(k). 
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